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CLOSED GEODESICS ON COMPACT ORBIFOLDS AND ON
NONCOMPACT MANIFOLDS
CHRISTIAN LANGE AND CHRISTOPH ZWICKLER
Abstract. We study the existence of closed geodesics on compact Riemannian orbi-
folds, and on noncompact Riemannian manifolds in the presence of a cocompact, iso-
metric group action. We show that every noncontractible Riemannian manifold which
admits such an action, and every odd-dimensional, compact Riemannian orbifold has a
nontrivial closed geodesic.
1. Introduction
The search for closed geodesics on Riemannian manifolds has been one of the guiding
problems in Riemannian geometry since Poincaré’s work [P05] from the beginning of the
20th century. While it is by now a theorem that every closed Riemannian manifold has a
(nontrivial) closed geodesic [LF51], for noncompact Riemannian manifolds this statement
is in general wrong. Nevertheless, one can examine under which additional conditions the
existence of a closed geodesic can still be guaranteed in the latter case, see e.g. [BG92,
Se01, Th77, Th78] (for more details and references on the closed geodesic problem on
Riemannian manifolds we refer the reader to [Kl78] and the more recent survey [Oa15]).
Another possible generalization is to look for closed geodesics on Riemannian orbifolds, see
e.g. [B92, BL96]. For compact Riemannian orbifolds this problem is only settled in partial
cases. Most notably, Guruprasad and Haefliger [GH06] showed that every nondevelopable
compact Riemannian orbifold, i.e. one which cannot be written as a global quotient of
a Riemannian manifold M by a proper, cocompact, isometric action of a discrete group
G, has a closed geodesic (see also [AS18] for an alternative proof). On the other hand,
the assumption that there are no closed geodesics on a developable compact Riemannian
orbifold M/G imposes strong restrictions on M , G and its action on M . In this case M
itself cannot have closed geodesics and the group G has to be a finitely presented Burnside
group (finitely presented, infinite group of finite exponent [Ad10, Bu02]) [Dr11, Dr15] (also
consult these references for further restrictions). One should note that even abstractly the
existence of such a group is not known. As our first result we provide another topological
condition that ensures the existence of a closed geodesic on M/G, and, in fact, on the
possible noncompact manifold M itself. More precisely, we prove the following statement
which was obtained in the second author’s master thesis.
Theorem A. Suppose a group G acts isometrically and cocompactly on a Riemannian
manifold M . If M is not contractible, then it has a nontrivial closed geodesic.
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Although the assumption that a developable orbifold M/G of fixed dimension as above
does not have a closed geodesic imposes severe restrictions, not much is known in general
in this case. The best result in this direction known to the authors is due to Dragomir
who proves the existence of a closed geodesic on every compact Riemannian orbifold of
dimension 3, 5 and 7 [Dr11, Dr15]. Moreover, in dimension 2 every orbifold is either
nondevelopable or finitely covered by a manifold and hence has a closed geodesic as well.
(In fact, in this case there exist infinitely many closed prime geodesics [Lan18b]). We
advance this situation by proving the following statement as our second result.
Theorem B. Every odd-dimensional, compact Riemannian orbifold has a nontrivial closed
geodesic.
Our proof of Theorem B works by induction on the dimension with the base case being
the existence of closed geodesics on compact Riemannian manifolds. The same inductive
argument reduces the existence problem of closed geodesics on compact Riemannian or-
bifolds to the case of even-dimensional compact Riemannian orbifolds with only isolated
singularities. This reduction was however already known before [Dr11, Dr15].
To summarize, we record that a negative answer to the following question would imply
the existence of a closed geodesic on every compact Riemannian orbifold, cf. [Dr11, Dr15].
Question 1. Does there exist a cocompact, proper, isometric action of an infinite, finitely
presented group of finite odd exponent on a contractible, even-dimensional Riemannian
manifold such that each group element has a fixed point and the points with non-trivial
isotropy groups are isolated?
For further group theoretical implications of the assumptions in the question we refer
the reader to [Dr11, Chapter 5].
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son in whose beautiful lectures he learned about the closed geodesic problem and the
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2. Preliminaries
2.1. Riemannian orbifolds. Recall that a length space is a metric space in which the
distance between any two points can be realized as the infimum of the lengths of all
rectifiable paths connecting these points [BBI01]. An n-dimensional Riemannian orbifold
O is a length space such that for each point x ∈ O there exists a neighborhood U of x in
O, an n-dimensional Riemannian manifold M and a finite group Γ acting by isometries
on M such that U and M/Γ are isometric. In this case we call M a manifold chart of O
around x. Behind this definition lies the fact that an isometric action of a finite group on
a simply connected Riemannian manifold can be recovered from the corresponding metric
quotient [Lan18a, Lem. 2.2]. A Riemannian orbifold O is called developable (or good) if it
is isometric to the quotient M/G of a Riemannian manifold M by a proper, cocompact,
isometric action of a discrete group G.
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An (orbifold) geodesic on a Riemannian orbifold is a path that can locally be lifted
to a geodesic in a manifold chart. A closed geodesic is a loop that is a geodesic on
each subinterval. A closed geodesic on a developable Riemannian orbifold M/G can be
equivalently described as a geodesic path c : [0, 1] →M with the property that there exists
some g ∈ G such that g(c(0)) = c(1) and g(c′(0)) = c′(1). In particular, a closed geodesic
on M projects to a closed geodesic on M/G. Every one-dimensional compact Riemannian
orbifold is isometric to such a quotient of the circle S1 and hence has a closed geodesic.
3. Closed geodesics on manifolds with group actions
First we need to show the following completeness statement.
Lemma 3.1. A Riemannian manifold M with an isometric, cocompact group action is
complete. In particular, there exists a compact subset K of M whose translates under the
action cover M
Proof. We denote the acting group by G. Cocompactness implies that a Cauchy sequence
(pn) in M converges to some G-orbit N in M . Perhaps after passing to a subsequence
we can choose points (qn) in N such that d(qn, pn) < 1/n. In particular, (qn) is a Cauchy
sequence as well. Let Br(q) be a normal ball in M around some point q ∈ N and let
gn ∈ G be such that gnqn = q. We choose N ∈ N such that gNqn ∈ Br(q) for all n > N .
The sequence (gNqn) has a limit in M , and hence so does the sequence (pn).
To show the second claim we first observe that a sufficently large ball will project onto
the quotient of the group action. By the Hopf-Rinow theorem the closure of such a ball
is compact by and hence the claim follows. 
The rest of the proof of Theorem A closely resembles Birkhoff’s proof for the existence
of a closed geodesic on spheres, which relies on his curve shortening process and the min-
max method [Bi17],[Bi27, V.6]. We compensate for the noncompactness by translating
the construction into a compact fundamental domain via the group action. The technical
implementation of the proof follows notes taken in a lecture by Gudlaugur Thorbergsson
on the existence of closed geodesics on closed Riemannian manifolds.
Theorem 3.2. Let M be a Riemannian manifold on which a group G acts isometrically
and cocompactly. If M is not contractible, then there exists a closed geodesic on M .
Proof. Since M is not contractible it has a nontrivial homotopy group by Whitehead’s
theorem, i.e. for some k ≥ 1 there exists a map f : Sk →M which is not null-homotopic.
We can assume that the map f is smooth. For x = (x1, . . . , xk−1, 0, 0) ∈ Rk+1 with
||x||2 ≤ 1 and αx ∈ R≥0 with ||x||2 + α2x = 1 we define a loop
fx : [0, 1] → M
t 7→ f(x1, . . . , xk−1, αx cos(2pit), αx sin(2pit)).
For x ∈ Bk−11 (0) the loop fx is differentiable and it is constant for x ∈ ∂Bk−11 (0). Consider
the space
P = {c : [0, 1] →M | c closed, piecewise differentiable}
equipped with the norm
d(c1, c2) = max
t∈[0,1]
d (c1(t), c2(t)) .
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The energy function Bk−11 (0) ∋ x 7→ E(fx) = 12
∫ 1
0 ||f˙x(t)||2dt is continuous. By compact-
ness there exists some κ > 0 such that
E(fx) ≤ κ for all x ∈ Bk−11 (0).
We define Pκ = {c ∈ P | E(c) ≤ κ}. It follows from Lemma 3.1 that there exists some
r > 0 such that the exponential map expp : Br(0) → Br(p) is a diffeomorphism for all
p ∈M . We choose m ∈ 2N such that √
2κ
m
< r.
For c ∈ Pκ we have
d
(
c(t), c(t +
2
m
)
)
≤
√
2
m
E(c|[t,t+ 2
m
]) ≤
√
2κ
m
< r.
Hence, there exists a unique minimizing geodesic between c(t) and c(t+ 2m). This allows
us to define maps Di : Pκ → Pκ, i = 1, 2, as follows. The map D1 replaces the segments
c|[2k/m,2(k+1)/m] by the unique geodesics between c(2k/m) and c(2(k+1)/m) and the map
D2 replaces the segments c|[(2k−1)/m,(2k+1)/m] by the unique geodesics between c((2k −
1)/m) and c((2k + 1)/m). Here k ∈ Z with k ≡ k ± m being understood if necessary.
Now we define D : Pκ → Pκ as D = D2D1. The maps D1 and D2 are length- and
energy-nonincreasing and for c ∈ Pκ the loop Dc is a geodesic m-gon (freely) homotopic
to c. Moreover, we define
Dnf : Sk →M
(x1, . . . , xk−1, αx cos(2pit), αx sin(2pit)) 7→ Dnfx(t).
Also f and Dnf are homotopic. This and the fact that f is not nullhomotopic implies
that for each n there exists some xn ∈ Bk−11 (0) such that L(Dnfxn) > r. For, otherwise
Dnf could be homotoped to a constant map. We choose xn such that E(D
nfxn) =
max{E(Dnfx)|x ∈ Bk−11 (0)} := en. Then en is a nonincreasing sequence with en > r2 > 0.
Hence e := limn→∞ en is defined and satisfies e > 0.
Let K be a compact subset of M as in the statement of Lemma 3.1 and let Kκ be a
closed, and thus compact,
√
κ-neighborhood of K. For each c ∈ Pκ there exists some
g ∈ G such that gc ⊂ Kκ. We choose gn such that gnDn−1fxn = Dn−1gnfxn is contained
in Kκ. We consider D
n−1gnfxn as a geodesic m-gon. After passing to a subsequence
we can assume by compactness that all m vertices of Dn−1gnfxn converge in Kκ. Then
Dn−1gnfxn converges uniformly to a continuous m-gon d whose edges are geodesics. In
particular, we have that d ∈ Pκ. Moreover, by continuity we have
E(Dd) ≤ E(d) = lim
n→∞
E(Dn−1gnfxn) ≤ limn→∞ en−1 = e
= E( lim
n→∞
Dngnfxn) = E(D limn→∞
Dn−1gnfxn) = E(Dd),
and hence E(Dd) = E(d). This implies that d is a closed geodesic and so the claim
follows. 
In particular, we obtain the following corollary.
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Corollary 3.3. Let O be a developable Riemannian orbifold. If the universal covering of
O is not contractible, then O has a closed geodesic.
4. Closed geodesics on compact developable orbifolds
The proof of Theorem B relies on the following lemma.
Lemma 4.1. Suppose a discrete group G acts properly, cocompactly and isometrically on
a Riemannian manifold M . Let p ∈ M , let N be the fixed point set of the isotropy group
Gp of p, and let H be the normalizer of Gp in G. Then H acts properly, cocompactly and
isometrically on N .
Proof. The claim that the action of H on N is proper and isometric follows from the fact
that it is a restriction of the proper and isometric action of G on M .
To show that the action of H on N is also cocompact, first note that properness of the
action implies that all isotropy groups Gx are finite, and that for each x there exists a
neighborhood Ux of x such that gUx ∩Ux = ∅ for all g ∈ G\Gx. In particular, all isotropy
groups Gy of points y ∈ Ux are contained in Gx.
Suppose that N/H is not compact. Then there exists a sequence of points pn ∈ N whose
images in N/H do not accumulate. By compactness of M/G there is a sequence gn ∈ G
such that the sequence xn = gnpn converges to a point x ∈M . By passing to a subsequence
we can assume that the isotropy groups Gxn do not depend on n but are a fixed subgroup
Γ of Gx. Moreover, Gp is contained in each Gpn . Because of Gxn = gnGpng
−1
n this implies
that for each n the conjugated group gnGpg
−1
n is contained in Γ. Again, by passing to
a subsequence, we can assume that gnGpg
−1
n does not depend on n. Therefore, each gn
differs from g1 by an element hn in the normalizer H of Gp in G, i.e. gn = g1hn. It follows
that hnpn ∈ N converges to y = g−11 x. However, then the images of pn in N/H converge
to the image of y in N/H in contradiction to our assumption. This completes the proof
of the lemma. 
Now we can prove our second main result.
Theorem 4.2. Every odd-dimensional, compact Riemannian orbifold O has a nontrivial
closed geodesic.
Proof. For simplicity we assume that O is developable, i.e. of the form M/G as above, as
the existence of a closed geodesic on a nondevelopable orbifold is already known [GH06].
The proof can however also be carried out in the general case, see Remark 4.3. Perhaps
after passing to the orientable double cover of M and the orientation preserving subgroup
in G of index at most 2, we can moreover assume thatM is orientable and that G preserves
its orientation.
The rest of the proof works by induction on the dimension n of O. For n = 1 the claim
is clear. If O is a manifold, then the claim follows from the existence of closed geodesics
on Riemannian manifolds. Otherwise we can choose a point x ∈ M that projects to a
maximal dimensional singular stratum in O, or, in other words, whose stabilizer group Gx
is nontrivial and fixes a maximal dimensional subset of M . The fixed point set N of Gx is
a totally geodesics submanifold of M . By our maximality assumption the action of Gx on
the normal space TxN
⊥ ⊂ TxM is free. Since Gx preserves the orientation and since every
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orientation preserving isometry of an even-dimensional sphere has a fixed point, it follows
that the dimension of N has to be odd. Let GN be the normalizer of Gx in N . This
normalizer preserves N , and by Lemma 4.1 the quotient N/GN is an odd-dimensional,
developable, compact Riemannian orbifold. The natural map N/GN → M/G = O has
the property that it sends closed geodesics to closed geodesics. Since the dimension of N
is strictly smaller than the dimension of M the claim follows by induction. 
Remark 4.3. For a nondevelopable compact Riemannian orbifold O we can choose a con-
nected component S of a maximal singular stratum and take its completion S¯ with respect
to its induced length metric. Then S¯ is an odd-dimensional, closed Riemannian orbifold
of lower dimension than O and the natural map S¯ → O maps closed geodesics to closed
geodesics. Again, the claim follows by induction.
Remark 4.4. The same argument reduces the existence problem for closed geodesics to
even-dimensional, compact Riemannian orbifolds with only isolated singularities.
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